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Message from the Director General

Department of Mathematics of National Institute of Education time to time implements many
different activities to develop the mathematics education. The publication of this book is a mile

stone which was written in the name of “Statics - Part I, Statics - Part I11”.

After learning of grade 12 and 13 syllabus, teachers should have prepared the students for the
General Certificate of Education (Advanced Level) which is the main purpose of them. It has not
enough appropriate teaching - learning tools for the proper utilization. It is well known to all,
most of the instruments available in the market are not appropriate for the use and it has not
enough quality in the questions. Therefore “Statics - Part I, Statics - Part II”. book was
prepared by the Department of Mathematics of National Institute of Education which was to
change of'the situation and to ameliorate the students for the examination. According to the
syllabus the book is prepared for the reference and valuable book for reading. Worked examples

are included which will be helpful to the teachers and the students.

I kindly request the teachers and the students to utilize this book for the mathematics subjects’ to
enhance the teaching and learning process effectively. My gratitude goes to Aus Aid project for
sponsoring and immense contribution of the internal and external resource persons from the

Department of Mathemetics for toil hard for the book of “Statics - Part I, Statics - Part I1”.
Dr. (Mrs). T. A. R. J. Gunasekara

Director General

National Institute of Education.
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Message from the Director

Mathematics holds a special place among the G.C.E. (A/L) public examination prefer to the
mathematical subject area. The footprints of the past history record that the country’s as well as

the world’s inventor’s spring from the mathematical stream.

The aim and objectives of designing the syllabus for the mathematics stream is to prepare the

students to become experts in the Mathematical, Scientific and Technological world.

From 2017 the Combined Mathematics syllabus has been revised and implemented. To make
the teaching - learning of these subjects easy, the Department of Mathemactics of National
Institute of Education has prepared Statics - Part 1 and Part 11 as the supplementary reading
books. There is no doubt that the exercises in these books will measure their achievement level
and will help the students to prepare themselves for the examination. By practicing the questions
in these books the students will get the experience of the methods of answering the questions.
Through the practice of these questions, the students will develop their talent, ability, skills and
knowledge. The teachers who are experts in the subject matter and the scholars who design the
syllabus, pooled their resources to prepare these supplementary reading books. While preparing
these books, much care has been taken that the students will be guided to focus their attention
from different angles and develop their knowledge. Besides, the books will help the students for

self-learning.

I'sincerely thank the Director General for the guidance and support extented and the resource
personnel for the immense contribution. I will deeply appreciate any feedback that will shape the

reprint of the books.

Mr. K. R. Pathmasiri
Director
Department of Mathematics
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Preface

This book is being prepared for the students of Combined Mathematics G.C.E.A/Lto get familiar
with the subject area of Statics. It is a supplementary book meant for the students to get practice
in answering the questions for selflearning. The teachers and the students are kindly invited to
understand, it is not a bunch of model questions but a supplementary to encourage the students
towards self learning and to help the students who have missed any area in the subject matter to

rectify them.

The students are called upon to pay attention that after answering the questions in worked examples
by themselves, they can compare their answers with the answers given in the book. But it is not
necessary that all the steps have taken to arrive at the answers should tally with the steps mentioned

in the book’s answers given in this book are only a guide.

Statics Part 11 is released in support of the revised syllabus - 2017. The book targets the
students who will sit for the GCE A/L examination — 2019 onwards. The Department of
Mathematics of National Institute of Education already released Practice Questions and
Answers book and book of ‘Statics — I, it is being proceeded by the « Statics I1”. There

are other two books soon be released with the questions taken Unit wise “Questions bank”.
We shall deeply appreciate your feedback that will contribute to the reprint of this book.
Mr.S.Rajendram

Project Leader

Grade 12, 13 Maths
National Institute of Education.
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5.0 Jointed Rods

In previous chapters 4.1 and 4.2 we considered the action of coplanar forces acting on a single rigid body
In this chapter we shall consider the action of coplanar forces acting on two or more rigid bodies, specially
on number of heavy rods jointed together to form a frame.

We will consider the equilibirium of rods under the action of their weight, any external forces applied and
forces exerted on their ends by hings (joints)

5.1 Types of simple joints

@) Rigid Joint

When two rods are jointed together such a way that they cannot be seperated or turn about one another
at the joint, the joint is rigid joint.

(ii) Pin Joint

When two rods are jointed by a light pin such a way that they can turn at the joint, the joint is pin joint if they
can turn freely at the joint, the joint is a smooth pin joint and, if free turn is not possible the joint is a rough
joint.

We shall consider the frames with smooth pin joints in this chapter.

Joint

Free joint Rigid joint

Bowl joint Pinjoint

Smooth joint Roughjoint

5.2 Rigid joint
If the shape of a body obtained by joining two or more bodies together cannot be changed by external
forces then the joint is said to be a rigid joint. R

Force at a smooth joint (Pin joint)

The joints are shown seperately to show the reaction at the joint.
The reaction at the joints will be equal and opposite. To find R
easily the components of R are shown as follows.



X, Y are the horizontal and vertical components of R. R is the resultant of X and Y, and passes through the
pin joint. Y

Y

The light pin is assumed to be a small smooth pin of circular rim, joins the rod by passing through the rods.
As the pin is smooth the reaction on contact is perpendicular to it and for rods. Since the pin is in equilibirium
under these two forces, they are equal opposite in direction and have the sameline of action. Therefore the
reaction on each rod is equal and opposite and have the same line of action an each joints.

For conveneience we resolve the reaction into two perpendicular components when we need of it.
Note :

When a heavy rod is joined at its ends to another rod, the reaction by joints on the rod cannot lie
along the rod, since the rod is acted by three forces.

O

A W

For equilibrium forces should meet at one point O which cannot lie on AB.

Iftherod is light, it is acted by the two reactions only, so that they always lie along the rod to balance each
other.

When a framework is symmetric about an axis identical set of forces will act on both sides.

Instructions to solve problems

(i) Correct diagram has to be drawn with geometrical data.

(i) Forces should be marked correctly.

(i) Necessary equations should be obtained to find the unknown forces.

(iv) To find the reactions at a joint the force at the joint should be divided into two components and to be
marked.

(Ifthere is axis of symmetry, it should be stated and the results can be used)

Note :

A framework must be rigid. To make a framework of n jonts (n>3) to be rigid it is necessary to
have (2n-3) rods.

A framework with more than (2n-3) rods will make the framework over rigid.



5.3 Worked examples

Example 1

Three uniform equal rods of length 2a and weight W are freely jointed at their end points and the frame
ABC is suspended from the joint A . Find the magnitude and direction of the reaction at B on AB.

Consider the equilibrium of BC
Taking moments about C for BC
cm W.a+Y .2a =0
2Y+W=0 ;Y=-—

Consider the equilibrium of AB.

Taking momements about A for AB
Am Y(2a sin 30°) + X (2a cos30°) — W(asin30°)=0
2Y +2X cot30° =W

2Y + 23X =W

x= 7
W oA2BX=W NE
2 2
R=VxX+y? = [ o | L
3 4 12
tan 0 . —3; s @ =tan” ﬁ
X 2 2

NG

7
Magnitude of the reaction at B= \/g W ; R makes an angle ¢ with CB where 0 = tan™ [7]



Example 2

Two uniform rods AB, AC each of length 2a and weight W are smoothly jointed at A. The rods are in
equilibrium in a vertical plane with B and C lying on a smooth horizontal plane and C is connected to the

midpoint of AB by an inextensible string and BAC = 60° . Find the tension in the string and the reaction
atA.

. B C
AB=AC; BAC=60°

Therefore ABC is an equilateral triangle.
For equilibrium of AB and AC,

Resolving vertically
T R FR,-2W =0 ; R, +R, =2 ccervrerrcrrerrcrens ©)
Taking moment about C
CMm  -R,.4acos60°+W .acos60°+W .3acos60°=0......... @)

R,=W and R,=W
For equilibrium of AC,

AM  -W.acos60°— T.a+R,.2ac0860°=0....ccccocunenen. ®

Foriw=o 1=%
2 2

For equilibrium of AC, moment about A
Resolving horizontally,

NEY /4
4

—>X—-Tcos30°=0; X=Tcos30°=

Resolving vertically,
TR, - YW +Tsin30°=0

Y=R2—W+§=%

. ) w: W w
Hence reactionat Ais VX* + Y’ = > +E =

[<]




Example 3

Two uniform equal rods AB, AC each of weight I are smoothly jointed at A. The ends B and Creston a
horizontal smooth plane and the frame ABC is kept in a vertical plane. The equilibrium is maintained by

connecting midpoints of AB and AC by an inextensible string. If BAC = 26, find the tension in the string
and the magnitude of the reaction at A on AB.

Let AB=AC=2a
For the equilibrium of AB and AC,

Resolving vertically,

T2R -2 =0

For equilibrium of AB,

Resolving vertically,

TR+Y-W=0

Taking moment about A for equilibrium of AB,

AIn T.acos@+W .asin@—-R .2asin@=0

(2w —W)sin 6
T=—————=Wtand @
Cos @ e

Reaction at A is W tan

Note :
In the above example the system is symmetrical about the vertical axis through A

Now the reaction at A is given by

"}

Yy

Since the system is symmetri about the vertical axis through A, the forces should be as given below.

—L

HenceY=0

[5]



Example 4

AB, BC are two uniform rods each of lengh 2a and weight W, smoothly hinged at B, and the frame ABC
is suspended from the points A and C at the same horizontal level. The systerm is in a vertical plane and
each rod makes 30° with the horizontal. Find the reaction at the joint B.

The system is symmetrical about the vertical line
through B.

Therefore the vertical component (Y) of the reaction
at B is zero (Y=0)

For the equilibrium of AB

By taking moments about A
AM  -X.2asin30°+Y .2a cos30°—Wa cos 30°=0

—X. 2a sin 30° =W .a cos 30°

3w

X=-"
2

Example 5

AB, BC are two equal uniform rods each of length 2a and weight W and 2 W respectively. The rods are
smoothly jointed at B and the frame ABC is suspended from A and C at the same horizontal level. The
system is in the vertical plane and each rod makes 60° with the horizontal. Find the magnitude and the
direction of the reaction at the joint B on AB.

For equilibrium of the system

Resolving horizontally,
->X,-X,=0; X, =X,
Resolving vertically
TR, +R,-3W=0 ; R, +R,=3

For AB and AC moment about A

Am R,2a-w.Low 3o
2 2
R, =R, =T nar, =Y
2 4

For equilibrium of BC,

. . w w
Resolving vertically TR,-2W-Y=0;Y=R,-2W = T—2W = s

[e]



For equilibrium of BC B3W
m  X.2asin 60°+Y. 2a cos 60° +2W. a cos 60° =0

X. 2a sin 60° — % 2a cos 60° +2W. a cos 60° =0 3]

-
6

Example 6

Three uniform equal rods AB, BC, AC each of length 2a and weight 7 are smoothly jointed at their ends
to form an equilateral triangle. The frame is freely hinged at A in a vertical plane. The triangle is kept in
equilibrium with AB as horizontal and C is below AB by a force at B perpendicular to BC by a force P at
B perpendicular to BC. AB is horizontal and C is below AB. Find the value of P. Also find the horizontal
and vertical components of the horizontal and vertical components of the reaction at C.

By taking moments about A for the system

AM  -W .acos60°-W.a-W (2a -a cos 60°) + P. 2a cos 60° =0

P=3W A

P
60
By taking moment about A for equilibrium of AC, l

AM  X.2asin 60°+Y.2a cos 60°+ W.a cos 60° =0

Y w

= X+ —= = -—= Yy / W
\/g 2\/§ .............................. @
By taking moments about B for equilibrium of BC, c X
Bn X .2asin60°-Y.2a cos60°+ W .a cos 60°=0 Yy
I .



From © and @

Reaction at C 1s m

Example 7

Two uniform rods AB and BC each of length 2a and weights 2W, W respectively are smoothy hinged at
B. The mid points of the rods are connected by a light in inelastic string. The system in a vertical plane with

other ends A and C lie on a smooth horizontal table. If ABC = 20 show that the tension in the string is
3W

tan 0 . Find the magnitude and direction of the reaction at B.

For the equilibrium of the system,
By taking moments about C

cm W.asin0+2W.3asin®-R.4asin® =0

R= W
4

For equilibrium of AB , taking moment about B
Bm T.acos®+2W.asinh-R.2asinh=0
T =-2W tan6 + 2R. tanf

T=-2W tan0 + ? tan0

T= 3ﬂtane R 8 a S
2 2W w

For equilibrium of AB A c

Resolving horizontally,

- T-X =O;X=T=¥tan0

Resolving vertically,
TY+R-2W =0 R

yoow. W_W 4
4 4

R =VX2+Y? 3TWtant9
2 2
= \/9W tan 0+~
4 16
:¥\/1+36tan26?




Example 8

AB, BC, CD, DE are four uniform equal rods of length 2a , smoothly jointed at B, C and D. The weights
of AB, DE are 2 each and the weights of BC, CD are W each. The system is suspended from Aand E

at the same horizontal level. AB and BC make a, B with the vertical respectively. Show that the reaction

at Cis horizontal and the magnitude is % tan . Show also that tan =4 tane .

The system is symmetrical about the vertical axis through C
Therefore the vertical component of the reaction at Cis zero. Y =0
For the equilibrium of BC

Resolving the forces horizontally
->X,-X,=0
X=X,
Resolving the forces vertically
TY+Y,-W=0
Y,=W
moment about B
Bm -X,.2acosp-W.asinB=0
w
X, = 5 tan f3
For equilibrium of AB,
A  -X,.2acosa+2W .asina+Y,. 2asina =0
X, ==2W tan o

X, =X,
%tanB=2Wtana

tan =4 tan

]



Example 9

Two equal uniform rods AB and AC each of weight W are freely jointed at A, and the ends B and C are
connected bya light inextensible string. The rods are kept in equilibrium in a vertical plane with the ends B
and C on two smooth planes each of which inclined at an angle o to the horizontal; BC being horizontal and

A being above BC. Find the reaction at B. If tan & > tan 2a , where BAC = 20 then show that the

tension in the string is %W (tan 0 -2 tan a) . Find also the reaction at the joint A.

X

Let 2a be the length of each rod.
The system is symmetrical about the vertical axis through A.

Hence the vertical component of the reaction at A is zero.

For equilibrium of the system

Resolving vertically,
T 2Rcosa— 2W =0 ; R=Wcosa
For equilibrium of AB, Taking moment about A

AM T.2acosO+Rsina.2acos®+W.asinO-Rcosa.2asin0=0

T= %(tane -2 tan @)
For equilibrium of AB,
Bm X.2acos0-W.asin6=0
X= Ktane
2



Example 10

AB, BC, CD and AD are four uniform rods having lengths AB=AD = V3¢ and BC=DC = / and are
smoothly jointed at their ends to form a frame ABCD. The rods have weights # per unit length. The joints

A and C are connected by an inelastic string of length 2/ . The frame is suspended in a vertical plane from

A. Show that the tension in the string is WTﬁ(\/g +5 )

Method 1

AB? + BC? =302 4+ 0> = 40> = AC?
Therefore, ABC = 90°, BAC = 30°, BCA = 60°

The system is symmetrical about AC. Hence reactions at B and D are same.

For equilibrium of AB, Taking moment about A

AN X. /37 cos 30° + Y. /37 sin 30° - ﬁzw.?z sin 30° =0
X.cot30°+Y = gﬁW
BX+Y = ? OW o) 0

For equilibrium of BC , moment about C

cm Y.Ksin60°+Wﬁ‘§sin60°-X.Kcos60°=0

wie X
Y+ ==
2 3
X=\@Y+\/§2W€ ..................... @
Substitute © and @
Y+\/§X=@



v v )
2

2
sy g 3L _ B
2 2
Y= —(J— 3)

for equilibrium of BC and CD

TT-2Y -2Wr=0
T=2Y +2W!/
T= 2ﬂ(\/§—3) + 2L
8

wi

T= y (\/§+5)

or For BC and CD take moments about D
Method 2

AB® +BC? =30’ +¢* =40 = AC’
ABC=90" , BAC=30" , BCA = 60"
By symmetry reactions at B and D are same.

The components of the reaction at B are taken along BA and BC, since ABC = 90°
For the equilibrium of the rod AB,

T —2Wr+23Wr
A 3w, %sm 30°-YA3/=0
v - ﬁ:w

For the equilibrium of BC,
l .
cm W/ Esm 60-X/=0

Bwe

X——
4

For the equilibrium of BC and CD, Resolving vertically

T-2W/¢+2X cos30°-2Y cos60°=0
T=2W/¢+2Y cos 60°-2X cos 30°

=2W/+ «@;W —\/5. \Biw
Wﬁ
y ——(V3+5)



Example 11

Four uniform rods AB, BC, CD, DA each of length 2a and weight W are freely hinged at their ends, and
rest with the upper rods AB, AD in contact with two smooth pegs in the same horizontal line at a distance

2c apart. If the inclination of the rods to the vertical is 0, determaine the horizontal and vertical components

of the reaction at B and prove that ¢ =2asin’ 8.

The system is symmetrical about AC. Therefore, the vertical components of the reaction at A and C are
Zero.

For equilibrium of the system,
Resolving vertically,
T2Rsin@-4W =0

R 2 ®
sin
For equilibrium of BC,
Bm  X,.2acos@-W.asin0=0
X, = Wiano oo ®
2
Resolving horizontally,
- X, -X, =0; X}:XZZWt;ng ...... ®
Resolving vertically
Y, -W=0; Y,=W .o, @
For equilibrium of AB,
Am -R. .C +Wa.sin @ +Y,;.2asin 8+ X;.2a cos 0 =0

sin
3 2W.c

sin’

+W.asin @+ W .2a sin 6’+%.2asin6’=0; c=2asin’ 6



Example 12

Two equal uniform rods AB, AC each of length 2a and weight /7 are smoothly jointed at A. BD is a
weightless bar of length a, smoothly jointed at B and fastened at D to a small smooth light ring sliding on
AC. The system is in equilibrium in a vertical plane with ends B and C resting on a horizontal plane. Show

that the magnitude of the reaction at A is equal to % (3\/5 ~J6 ) . Also show that the magnitude of the

reaction at A is equal to the stress on BD and it makes an angle 15° with the horizontal.

Find the point where the line of action meets BC.

A ~
@ ADB =90°
2a sin 20 = l
D 2
T
{ 29: g
C 9:£
12

For the equilibrium of the ring R, =T and R is perpendicular to AC, so T is perpenticular to AC

For the system
Resolve the forces vertically
T R+S=2W
By taking moment about C
CMm  W.a cos75°+ W.3a cos 75° =R. 4a cos 75°=0
=R=W
R=S=W

Consider the equilibrium of the rod AC

By taking moments about A for AC
AM T. a3 + W.a sin15° - W.2a sin15° =0

7= Wsinls® %(3\5—\%)

NE)

For the rod AB resolve the forces horizontally and vertically

oY

A=VX+Y =T ; tana=§

—~ X=Tcosl5° ; T Y=Tsinl5° ;

=tan 15°

Using sinerule in AABP BP  AB — Bp= 2a .sin 60° a =15°
sin 60° sin 45° sin 15° A

_ T2 26 _
BP = = — BP= (32 ++/6)a .
V3-1 fB-1 ( ) 150 ATS
P B

>

2



5.4 Exercises

1.

Two uniform rods AB and AC of equal length are freely hinged at B. The weights of AB and BC are
W, and W, respectively. The system freely hangs from fixed points B and C at the same level and
BC =2a. If the depth of A below BC is a, find the horizontal and vertical components of the reaction
atA.

Two equal uniform rods AB, BC each of weight /7 are smoothly jointed at B and their midpoints are

connected by an inextensible string. The string haslength such aswhen itistaut ABC makes 90°.
The system is suspended from A freely while the string is taut. Show that the inclination of AB with the

vertical at equilibrium is tan™ (Ej and the tension in the string is £l . Also find the reaction on BC

J5

and show that it is in the direction of BC.

Two uniform equal rods AB, AC of length 2a and weight 7, smoothly jointed at A lie symmetrically
on the curved surface of a right circular cylinder whose axis is fixed horizontally. If each rod makes an
angle @ with the horizontal and 7 is the radius of the cylinder, show that = a cosec 8 cos’ 6. Find also
the reaction at A.

AB, BC and AC are three uniform equal rods smoothly jointed at ends A, B and C. AB and AC are
each of weight /7 and the weight of BC is 2/¥. The frame hangs freely from C. Show that BC makes

anangle tan™ (ij with the horizontal. Find also the reaction at A and B.

NE)

Two uniform equal rods AOB and COD each of weight 7 are freely jointed at O, AO =CO =q, and
BO = 0D = 3a. At equilibrium B and D rest on a horizontal plane and B, D are connected by an
inextensible string of length 3a. The system lies in equilibrium in a vertical plane. Show that the tension

NEY 4
9

and find the reaction at O.

in the string is

Two uniform equal rods AB and AC of weight 27 and W, respectively, are smoothly jointed at A. B
and C are fixed to a horizontal log. Find the horizontal and vertical components of the reaction at A.

If the reaction at B and C are perpendicular to each other and ABC = « , show that 3cot & = V35,

Three uniform equal rods OA, AB and BC each of length 2a and weight W are freely jointed at A and
B. The end O is hinged to a fixed point and a horizontal force P is applied to BC at C and BC makes

\/iW . Show

an angle 45° to the horizontal. Find P in terms of . Show that the reaction at O is

also that C is at a horizontal distance 2a {L + L + L} from the vertical through O.

V2 V10 V26



10.

11.

12.

13.

Two equal uniform rods AB, BC each of length a and weight 7 are smoothly jointed at B. The rod
AB is free to rotate about the point at which A is hinged. A small light ring is attached to C which is free
to slide along another fixed rod through A. The fixed rod is inclined downwards, making an angle o.to
the horizontal. If the system is in equilibrium show that

() tanBAC= % cot

(i) The horizontal component of the reaction at B is %Vsin 2at.

Four uniform equal rods AB, BC, CD and AD each of weight I are smoothly jointed at their ends to
form arhombus ABCD and hangs from A. The system is maintained in the shape of a square connecting
the midpoints of BC and CD by a light rod. Find the thrust in the light rod and the reaction at C.

Five uniform equal rods AB, BC, CD, DE and EA each of weight ¥ are freely jointed at theirends A,
B, C, D and E to form a pentagon. The rods AB and AE make equal angles a and the rods BC and
ED make equal angles S with the vertical. The system is hanged from A and the pentagon shape is
maintained by connecting B and E by a light rod.

(1) Find the horizontal and vertical components of the reaction at C.
(i) Show that the stress in BE is W(tan a + tan ).

(1) Find the value of the stress when the pentagon is regular.

Four equal uniform rods AB, BC, CD and DA each of length 2a and weight # are smoothly jointed
atA, B, C and D. The midpoints of BC and CD are connected by a light rod of length 2a sin 6. The
frame is freely hanged from A.

(1) Show that the thrust in the light rod is 4 Wtan 6.
(i) Find the reaction at B and C.

Four equal uniform rods AB, BC, CD and AD each of weight W are smoothly jointed at their end
points to make a square ABCD. The frame is hanged from A. The shape is maintained by joining the
midpoints of AB and BC by an inextensible string.

(1) Show that the reaction at D is horizontal and its magnitude is v

(i) Show that the tension in the string is 4 W

w5
2

(i) Show that the reaction at C is

and it makes an angle tan™' [%) with the vertical.

(iv) Show that the reaction at B is

w17
2

. 1
and it makes an angle tan™ [Zj

Four uniform equal rods AB, BC, CD and DA each of weight 7 are smoothly jointed at the ends to
form a square ABCD. The frame is suspended from A and a weight 3Wis attached to the point C.
The shape is maintained by connecting the midpoints of AB and AD with a light rod. Show that the
thrust in the light rod is 10/



14.

15.

16.

17.

18.

19.

20.

Four uniform rods of equal length ¢ and weight W are freely jointed to form a framework ABCD.
The joints A and C are connected by a light elastic string of natural length a. The framework is freely
suspended from A and takes the shape of a square. Find the modulus of elasticity of the string. Find
also the reaction at the joints B and D.

Six uniform equal rods each of weight 7 are smoothly jointed at their end points to form a hexagon
ABCDEF. The system is suspended from A and the shape is maintained by light rods BF and CE.
Show that the stress in BF is five times the stress in CE.

Auniform rod is cut into three parts AB, BC and CD of lengths £ ,2/ and ¢ respectively. They are

smoothly jointed at B and C and rest on a fixed smooth sphere whose radius is 2 / and centre O, so
that the middle point of BC and the extremities A and D are in contact with the sphere. Show that the

reaction on the rod BC at its mid point is 2 1V(I)/ where Wis the weight of the rod.

Find the magnitude and the direction on the rod CD at the joint C and the point whose line of action
meets OD.

Three uniform rods AB, BC and AC of equal length a and weight 7 are freely jointed together to
form a triangle ABC. The framework rests in a vertical plane on smooth supports at A and C so that
AC is horizontal and B is above AC. A mass of weight W is attached to a point D on AB where

AD = % . Find the reaction at joint B.

Two uniform equal rods AB and AC each of weight ¥ and length 2a are freely jointed at A and
placed in a vertical plane with ends B and C on a smooth horizontal table. Equilibrium is maintained
by a light inextensible string which connects C to the mid point of AB with each rod making an angle

a [< gj with the horizontal. Show that the tension T in the stringis T = % 1+9 cot’ o . Find the

magnitude and the direction of the reaction at A.

Five uniform equal rods each of weight ¥ are smoothly jointed at their ends to form a regular penta-
gon. CD is placed on a horizontal plane so that the frame is in a vertical plane and the shape is
maintained by joining the midpoints of BC and DE by a light rod. Find the reaction at B and show that

the tension in the light rod is {cot % +3cot 2?71 w.

Three equal uniform rods AB, BC, CD each of length 2a and weight W are smoothly jointed at B and
C, and rest with AB, CD in contact with two smooth pegs at the same level. In the position of
equilibrium AB and CD are inclined at an angle o to the vertical BC being horizontal. Prove that the

distance between the pegs is 2a (1 + %sin3 aj . If B is the angle which the reaction at B makes with the

vertical, prove that tan a . tan f = 3.






6.0 Framework

In this chapter we will consider a framework consists of light rods joined at their ends to other rods with
smooth joints.

6.1 Rigid Frame

If the shape of a frame is unaltered by external forces, then the frame in called a rigid frame.

In a frame made by light rods, the reactions at the joints will act along the rods. These reactions along the
rods are known as stresses.

If we consider a light rod AB ina frame R, R B B
and R, are the reactions at the joints by pins.

The rod is in equilibrium under the action of
these two forces R, and R;,. Hence for the ¢,
equilibrium of the rods R, and R, must be
equal and act opposite along the rod.

R=R,=T
(1) T is tension
(ii) T is thrust

(i) (i)

Assumptions when solving framework problems
e Alltherods in the framework are light rods.
e Alltherods are freely (smoothly) jointed at their ends and no couple in formed at a joint.

e Thereactions at the joints (except external forces) will act along the rods. These may be thrusts or
tensions.

e Alltherodsinthe frame are in the same vertical plane and all the forces (including the external forces)
are coplanar forces.

e External forces are applied only on joints.
6.2 Representing external forces in a light framework in equilibrium

Example 1

A ABC is frame lying on A and C, carries a load W at B. By
symmetry the reactions at A and C are equal.

ABCDE is a frame made of seven equal light rods and rests on two
pegs at A and C. It carries W at E, B and W™ at D. The external
forces P, Q will be vertical.




Bow’s Notation
e This notation is introduced by a mathematician called Bow.
e Allthe external forces will be represented outside of the frame.

e Theregion between forces (open or closed ) is denoted by a small letter of the English alphabet or a
number.

e Each force denoted by two letters of the alphabet belongs to the two region formed by the force.

Solving problems using Bow’s notation

(1) Havingrepresented all external forces and regions, forces of polygons have to be drawn for each
joint of the frame (These polygon of forces will be a closed figure, the vertices of the polygon being
denoted by the names of the letters of the regions.)

(i) The values of the stresses in rods can be calculated by using trigonometric ratios and algebraic equa-
tions in the triangles and polygons obtained in the stress diagram.

(i) Byreading the names of the sides in the stress diagram, mark the directions of the stress by using
arrow marks.

(iv) While drawing force polygons, the disense has to be same for all the joints. (either clockwise or
anticlockwise)

(v) Todraw apolygon of forces at a joint there may be maximum of two unknown forces.

6.3 Worked examples

Example 1

A In the given figure, ABC is a triangular framework consisting of
f B three srpoothly jointed light rods AB, BC, CA, where AB=AC
and BAC=120° . The framework is in a vertical plane with AB
horizontal. It is supported at A by a smooth peg and carries loads
1oon 100N atBand WN at C. Draw a stress diagram using Bow’s
notation and from it, calculate the stresses in the rods, distin-
guishing between tensions and thrusts and also find the value

C of W.
w A T @ B
-
Start from joint B
Joint Order Name of Polygon
B a—>b—>c—a Aabc
C a—>c—>d—a Abcd

AB(bc) =Tension = 1003 N

200
BC(ca)=Thrust= 2003 N 2003
CA(cd)=Tension= 20083 N 200 -
W(ad) =200 N 100

In this problem all the joints are taken in the anticlockwise sense.

1003



Example 2

ABC is a frame obtained by joining three uniform equal light rods AB, A 100N

BC and AC. B and C rest on 2 pegs at the same horizontal level. A
carries a load of 100N. Find the reaction at B and C. Draw a stress
diagram by using Bow’s notation. Hence find the stress in each rod
distinguishing between tension and thrust.

B o

For equilibrium I Qt
P
Resolve the forces vertically

TP +Q=100

3 P=Q=50 (symmetry)

50* il @ T, 4 50

Polygon of forces has to be drawn for joints A, B and C by naming the regions between the vertices as
a,b,cand d.

Stress diagram

This diagram is drawn by taking the region around each joint in anticlockwise
disense starting from C.

JointC - JointA - Joint B

Joint order Name of Polygon
C b—>c—>d—a Abcd
A d—>c—a—>d Aacd

Tensions and thrusts are denoted by naming the regions.

50
T, = bd =50 tan 30° = f N Rod Stress | Thrust | Tension
100 100
T,=cd=50 30°=—= N AB — N v -
,=C sec NG N
100 50
T.=ad =50 30°=—= N BC — N - v
,=a sec N 5
100
AC — N v -
NE)
Example 3

The given figure represents the framework of five equal light rods.
This frame is supported by a peg at B and a vertical force P is
applied at A. C carries a load of 100 N. Find the stresses in each
rod by drawing a stress diagram.




For equilibrium
Resolve the forces vertically
T 1004+ P = Queeeerereree. ©
By taking moments about A
AM Q.2 =100 (2¢ + 2/ cos 60°)
O®and @ = P=50N,Q=150N

a

100 1s drawn as follows.

100N

In the above diagram regions are named starting from C and the stress diagram

- Joint order Name of Polygon
¢ b C a—>b—>c—a Aabc
60° 60° &5
60° D c—>d—>c—>b Abcd
. © A d—>b—>e—d Adbe
B c>d—>e—>a—>c Sacde
The force polygon is drawn starting from joint C joining the region in the
anticlockwise disense.
Rod Stress
T, =bc =100 tan 30° :M N DC @ N Tension
T,=ac= 100 sec 30° = @N BC % N Thrust
T, =bd = 50 cosec 60° = M N AD @ N Tension
=cd=bd=%N BD %N Thrust
T5=dc=50tan30°=%N AB %N Thrust

Example 4

A framework formed by four light rods AB, BC, CD and BD is
shown in the given diagram. A, D are freely jointed to a vertical
wall. Joint C carries a load of 500 N and BC remains horizontal.
Draw a stress diagram using Bow’s notation and find the stresses in
each rod distinguishing between tensions and thrusts.




At joint C one force is known and two forces unknown. Draw the stress diagram starting from joint C.

c a
30°
30°
d
60°
b
Joint order Name of Polygon
C a—>b—>c—a Aabc
B a—>c—>d—a Aacd
Rod Stress Thrust Tension
bec =500 sec 60° =1 000 N DC 1 000 N - v
ac =500 tan 60° = 500/3 N BC 50043 N v -
cd = (500+/3 N) sin 30° = 25043 N BD 25043 N v -
ad = 50043 N cos 30° = 750N AB 750 N v -
Example 5

The given figure show a framework of six light rods smoothly jointed at
C, D and E. A and B are smoothly jointed to a vertical wall and D
carries a load of 150N. Draw a stress diagram using Bow’s notation
and find the stresses in each rod distinguishing between thrusts and
tensions.

D is the joint with one known and two unknown forces

So start to draw triangle of forces from joint D

Joint order Name of Polygon
D pP2>4g>r—p Apqr
E PV —>S—>p Aprs
C r>q—>t—>s—>r orqts




AC=qt= 7543 + 2543 = 100J/3 N
CD =qr =75 sec 30° = 503 N

DE=pr=qr= 50\3 N

CE=sr= 100\/§N
BC=st= 503N

BE =ps = 150\/§N

Example 6

30°

60°

60°

30°

30°

q
Rod Stress Thrust Tension
AC 100v/3 N _ v
CD 5043 N v _
DE 5073 N v _
CE 100+/3 N ; v
BC 503 N ; v
CE 150v/3 N ; v

Five rods AB, BC, CD, DA and AC are smoothly jointed at their ends to form a framework as shown in

the figure. ABC = ADC = DAC = 30° and BAC = 60°. The framework is smoothly hinged at D and carries

aweight 1073 NatB. The framework is held in a vertical plane with AB horizontal by a horizontal force

PatA.
(1) Findthevalue of P

(i) Find the magnitude and direction of the reaction at D.

(i) Using Bow’s notation, draw a stress diagram for the frame-
work and find the stresses in all the rods, distinguishing be-

tween tensions and thrusts.

1) For equilibrium

Take moment about D

Dm

P.AD-10v3AB = 0

A

B

P

60°

30°

10v/3N




but AD = 2 AC cos 30°

= 2 AB cos 60° cos 30°
AD = a8
2
P. g AB = 103 AB
P =20N
Let R be the reaction at D and @ be the angle that R makes with the horizontal
Resolving vertically - A ® B
F 60° 30°
T Rsind =103 ©) >/l
3¢ o _

Resolving horizontally 10vV3N

—>Rcos§=P=20N ©| @ yc

, @
R=[(103) +20* =107 .

-- D
tan0=M=£ ; Hztan'lﬁ 3?
20 2 R

2
Since the system is in equilibrium under three forces the reaction R should also pass through B.

Start from joint B in the anticlockwise direction.

a
Joint order Name of Polygon
30
B a—>b—>e—>a Aabd 30
10vV3
C a—>e—>d—a Aaed
\
. e b
Rod | Stress Magnitude 60c €
AB | Tension | 30N .
be =10~/3 tan 60 30
BC | Thrust | 2043 N =30
ae =10~/3 sec 60
AC | Thrust 20 N ~2043 d
DC | Thrust 40 N ad:20\/§sec30 edig(e)tan?,o cd:le(c)i\s/ignﬂ)
AD | Tension | 10V3 N =40 - -
Example 7
B B ¢ The given figure shows a crane composed of four freely
jointed rods AB, BC, CD and BD. The rod BC is hori-
45° zontal while the rod BD is vertical. The crane is fixed to
1000N" the horizontal ground at A and D and there is a load of
.l 1 000 N hanging at C. Use Bow’s notation to find the
A forces in the rods, distinguishing between tensions and
D thrusts.



